The ideal magnetohydrodynamic stability with respect to localized ballooning modes and the Mercier criterion of a quasihelically symmetric stellarator configuration is investigated. Configurations with an enhanced magnetic mirror and a deeper magnetic well that can be achieved by energizing a set of auxiliary coils have also been analyzed. In all cases, the Mercier criterion imposes a slightly stricter ␤ limit than the ballooning modes. Using relatively broad pressure profiles, the Mercier criterion yields ␤ϭ0.4% for the standard configuration, ␤ϭ0.3% for the high mirror configuration and ␤ϭ1.3% for the deep well configuration. The comparable ballooning limits are ␤ϭ0.7%, ␤ϭ0.6%, and ␤ϭ1.66% for the standard, high mirror, and deep well configurations, respectively. With a more peaked pressure profile, ballooning instabilities near the center of the plasma and Mercier modes near the edge of the plasma limit the performance of the standard configuration at ␤Ӎ0.8%.
I. INTRODUCTION
Ideal magnetohydrodynamic ͑MHD͒ stability theory has become a very useful tool to predict the potential operating windows of magnetically confined plasma configurations. With the development of three-dimensional ͑3D͒ equilibrium codes such as VMEC, 1 it is now possible to extend the analysis from axisymmetric and averaged stellarator configurations to fully 3D devices. In particular, local ideal MHD stability investigations as described by the Mercier criterion 2 and the ballooning mode equation [3] [4] [5] have been carried out extensively for low shear stellarators [6] [7] [8] and high shear torsatrons [9] [10] [11] [12] based on computed equilibria with imposed nested magnetic flux surfaces.
In this paper, we examine the Mercier and ballooning stability of a specific type of low shear stellarator in which the magnetic field structure displays conditions of quasihelical symmetry. [13] [14] [15] [16] In particular, we concentrate our investigations on configurations that model the Helically Symmetric eXperiment ͑HSX͒ 17 at the University of WisconsinMadison. We analyze the local ideal MHD properties of the standard quasihelical configuration and for comparison purposes we examine two other configurations where the quasihelical symmetry is degraded but offer other interesting physical properties.
The paper is arranged as follows. In Sec. II, we describe the HSX configurations we investigate and how we determine the plasma boundary. In Sec. III, we present the basic characteristics and the profiles of the equilibria that model the different HSX configurations. Section IV examines the 3D ideal Mercier and ballooning stability of the HSX model equilibria, followed by conclusions.
II. DESCRIPTION OF THE HSX CONFIGURATIONS
The HSX device is a helical magnetic axis stellarator configuration with 4 field periods, a magnetic field of 1 T, a major radius of 1.2 m, an average minor radius of 0.15 m, and a helical excursion of the magnetic axis of more than 0.2 m. The device consists of 12 modular coils in each period that have been optimized to realize a configuration with quasihelical symmetry. This implies that a Fourier decomposition of the magnetic field strength in Boozer magnetic coordinates 18 produces one dominant ͑helical͒ component in addition to the mean component. We refer to this as the standard configuration and it has a magnetic well of 0.4%. The predicted neoclassical transport losses in the low collisionality regime for a quasihelical stellarator are comparable to those of an axisymmetric tokamak and are much smaller than those of a conventional stellarator. There are an additional 12 auxiliary modular coils in each field period. A current in these coils that is 10% of that in the main coils increases the magnetic well to 1.5% at the expense of deteriorating the quasisymmetry properties that characterize the standard configuration. We refer to this as the deep well configuration. Furthermore, reversing the direction of the current in the auxiliary coils at the ends of each field period with respect to the coils in the center excites a toroidal mirror component (nϭ1, mϭ0) in the Boozer spectrum. The effect of this component is analogous to that of the toroidal curvature (nϭ0, mϭ1 component͒ in a conventional stellarator and allows the neoclassical transport in HSX to vary from that comparable to a tokamak to that comparable to a conventional stellarator. 19 The Boozer toroidal mode number ͑per field period͒ is n and the poloidal mode number is m. This change in the transport can be produced with only small changes in the plasma volume, rotational transform and well depth. In this paper, we will show that the stability limits for a͒ Electronic mail: u1754@c.nersc.gov the two configurations are comparable as well. We refer to this as the high mirror configuration and it has a 0.3% well.
To determine the outermost closed magnetic flux surface, we trace vacuum magnetic field lines starting at different values of R, the distance from the major axis, from the midplane of the toroidal cross section at the beginning of a field period. For the standard configuration, we find that tracing field lines from Rϭ1.515 m yields the outermost flux surface. In Fig. 1 , the dots constitute a Poincaré plot that identifies the crossing of the field line we are tracing through 4 different toroidal cross sections within one field period. The position of the magnetic axis ͑in vacuum͒ is identified by the ϫ symbol on each cross section. The outer boundary for the high mirror configuration is shown in Fig. 2 by starting the trace at Rϭ1.495 m. We also show in this figure a Poincaré plot of a field line that is started 5 mm further out. In this case, the field line shows a stochastic character without defining a flux surface quite so clearly. The field line that determines the outermost surface in the deep well configuration is traced from Rϭ1.512 m and the Poincaré plot is shown in Fig. 3 .
III. 3D MHD EQUILIBRIUM
We compute 3D equilibria with imposed nested magnetic flux surfaces using the VMEC code.
1 In this work, we employ a fixed boundary version of this code. As inputs, we require the pressure profile, the toroidal plasma current profile which we choose to vanish on each flux surface, and the Fourier amplitudes of R and Z ͑the distance from the midplane͒ of the plasma boundary. We Fourier decompose a fit to the outermost flux surface that we have identified with the field line tracing for each configuration using an optimal spectral condensation method. 20 A truncated spectrum is chosen with poloidal modes 0рm v р10 and toroidal modes ͑per period͒ Ϫ7рn v р7. To verify the accuracy of the fit, we reconstruct the plasma boundary for each configuration. The ϩ symbols that depict this reconstruction appear to be superimposed almost exactly onto the curves mapped by the Poincaré plots shown in the figures.
The differential volume profiles for the vacuum equilibria computed with VMEC are shown for each case considered in Fig. 4 from which we extract the magnetic well values we have quoted. The rotational transform profiles in the vacuum equilibrium state for the 3 configurations considered as well as that at volume averaged ␤ϭ1.8% for the deep magnetic well are plotted as a function of the radial variable s ͑which is proportional to the volume enclosed͒ in Fig. 5 . We also describe in this figure the location of the most relevant low order rational surfaces that can affect each configuration. These are particularly important in the computation of the Mercier criterion. 
IV. LOCAL IDEAL MHD STABILITY RESULTS
In order to evaluate the stability of the equilibria we are investigating, it is convenient to reconstruct the equilibrium state in Boozer magnetic coordinates 18 because in these coordinates the magnetic field lines are straight and the parallel current density is more effectively calculated. 21 To accurately determine the coefficients that are required to evaluate ballooning stability, the spectrum of mode pairs that we have chosen to number 334 in the VMEC equilibrium coordinates ͓(m v ϭ0,0рn v р11);(1рm v р14,Ϫ11рn v р11)͔ is increased to 759 in the magnetic coordinate system ͑the VMEC spectrum plus the nϭ12 toroidal sideband on each side and (15рmр50,2рnр12). Although formally ballooning stability is a sufficient condition to satisfy Mercier stability inasmuch as the Mercier criterion can be derived from an asymptotic analysis of the ballooning equation, in practice we limit the domain of the numerical calculations to encompass only 15 poloidal transits of the field line investigated. This is insufficient to resolve the extended structures of Mercier-like modes. The Mercier stability is much more efficiently calculated from a direct evaluation of the criterion. We examine the local ideal MHD stability of each configuration with the broad pressure profile described in the previous section. For the standard configuration, we consider cases with volume averaged ␤ of 0.4%, 0.5%, 0.6% and 0.7%. The Mercier criterion as a function of s is shown in Fig. 6 . We see that the case is marginally stable at ␤ϭ0.4%. The profiles are smooth except for spikes at three points. These spikes align closely with the location of the resonant surfaces with values of p ϭ7/27, 5/19, and 4/15 that were described in Fig. 5 . The Mercier criterion is driven locally unstable by the singular nature of the parallel current density on the resonant surfaces. The parallel current density is calculated after invoking charge conservation "• jϭ0 and equilibrium force balance to obtain the magnetic differential equation 
where I(s) and J(s) are the poloidal and toroidal current fluxes, respectively, and are the poloidal and toroidal angles in the Boozer magnetic coordinate system, respectively, B is the magnetic field, andͱg is the Jacobian. The right hand side of Eq. ͑4͒ represents the Pfirsch-Schlüter currents and they constitute the driving mechanism for the parallel current density sheets on the rational surfaces. The height of the spike is directly linked to the proximity of the mesh point ͑where the relevant equilibrium quantities are calculated͒ with respect to the exact location of the corresponding resonant surface. The calculations here are performed with 96 radial intervals. In general, when the discontinuities that are observed are localized to a single interval in 96, the structure is smaller than the typical Larmor radius of a thermal ion. The MHD model is not valid for length scales of such small magnitude and therefore singular spikes should not necessarily indicate instability. Furthermore, when the Mercier unstable spikes involve more than a couple of grid points, we believe this to constitute an indication of small island formation that smears the pressure gradient and thus regularizes the parallel current discontinuity. This proposed resolution of the problem is beyond the scope of the calculations we perform with the VMEC code which constrains the magnetic surfaces to be nested. When the unstable Mercier spikes start to coalesce at high ␤, we could anticipate a corresponding merging of island structures that result in the stochastization of the equilibrium field lines. The ballooning stability analysis of the sequence of equilibria reveals that the ␤ limit due to this type of mode approaches 0.7% as shown in Fig. 7 . The local ideal MHD stability properties of the high magnetic mirror configuration are quite similar to those of the standard configuration. Thus, both the Mercier criterion and the ballooning modes are destabilized near the plasma edge with the broad pressure profile considered. The edge destabilization of the Mercier criterion in these two configurations at relatively low values of ␤ is caused by the small local magnetic hill that forms in the outer volume of the plasma ͑see Fig. 4͒ . It persists, as we shall see, even with a peaked pressure profile, albeit at somewhat higher ␤. The ␤ limit imposed by the Mercier criterion is about 0.3% and that imposed by the ballooning modes is about 0.6%. In Fig.  8 , the Mercier criterion profiles also exhibit spikes that are driven by the parallel current density on rational surfaces with p ϭ5/19, p ϭ4/15, and p ϭ3/11 that were identified in FIG. 6 . The Mercier criterion with broad pressure profile for the standard HSX configuration as a function of the radial variable s. The solid dot curve corresponds to ␤ϭ0.4%, the dot-dashed curve corresponds to ␤ϭ0.5%, the dashed curve corresponds to ␤ϭ0.6%, and the solid curve corresponds to ␤ϭ0.7%. FIG. 7 . The ballooning eigenvalue with broad pressure profile for the standard HSX configuration as a function of the radial variable s. The solid dot curve corresponds to ␤ϭ0.4%, the dot-dashed curve corresponds to ␤ϭ0.5%, the dashed curve corresponds to ␤ϭ0.6%, and the solid curve corresponds to ␤ϭ0.7%.
FIG. 8. The
Mercier criterion with broad pressure profile for the high magnetic mirror HSX configuration as a function of the radial variable s. The solid dot curve corresponds to ␤ϭ0.3%, the dot-dashed curve corresponds to ␤ϭ0.5%, the dashed curve corresponds to ␤ϭ0.6%, the solid curve corresponds to ␤ϭ0.9%, and the fine dotted curve corresponds to ␤ϭ1.5%. Fig. 9 .
The ␤ limits imposed by local modes become significantly higher in the deep magnetic well configuration and the stability characteristics with respect to Mercier modes differ significantly compared with the two other configurations explored. The Mercier criterion profiles are shown in Fig. 10 and impose a ␤ limit at 1.3%. But in this case, the Mercier criterion is destabilized near the center of the plasma in a region where the critical resonant surface has p ϭ2/7. At ␤ϭ1.4%, the resonance has not yet surfaced in the plasma but its proximity is close enough to destabilize a significant part of the central volume of the plasma. The rotational transform profile for the sequence investigated is weakly nonmonotonic and has a minimum roughly at the location where the p ϭ2/7 resonance emerges in the plasma at ␤Ͻ1.6%. A further increase in ␤ and corresponding decrease in rotational transform causes the resonance to become double-valued in the plasma. Thus for ␤տ1.6%, the Mercier criterion displays a double peak, each peak aligned with the locations of the p ϭ2/7 rational surfaces. As their respective positions move physically further apart at higher ␤, the region in between becomes stable. This appears clearly in the Mercier criterion profile for ␤ϭ1.8% in Fig.  10 where the p ϭ2/7 resonances lie at sӍ0.09 and sӍ0.27. Unlike the other configurations explored, the magnetic well extends all the way to the plasma boundary. The edge destabilization of the Mercier criterion in this case is caused by the parallel current density spikes ͑driven by the Pfirsch-Schlüter currents͒ around the resonant surfaces with p ϭ5/17 and p ϭ3/10. The ballooning eigenvalues as a function of s are displayed in Fig. 11 for the deep well configuration for ␤ values between 1.3% and 1.8%. As in the other two configurations, the ballooning modes are destabilized near the plasma edge at sӍ0.8 for the type of pressure profile prescribed and yield a limit at ␤Ӎ1.66%.
The ballooning eigenvalue profiles appear to become more stable with increasing ␤ in the plasma core (sՇ0.5). This restabilization may be in effect more apparent than real because it is limited to these cases with broad pressure profile. This becomes evident when we investigate the standard configuration with the peaked pressure profile given by Eq. ͑3͒. First we show the Mercier criterion profiles in Fig. 12 and find a ␤Ӎ0.7% limit localized near sӍ0.7 where the parallel current density about the p ϭ5/19 resonance plays FIG. 9 . The ballooning eigenvalue with broad pressure profile for the high magnetic mirror HSX configuration as a function of the radial variable s. The solid dot curve corresponds to ␤ϭ0.3%, the dot-dashed curve corresponds to ␤ϭ0.5%, the dashed curve corresponds to ␤ϭ0.6%, the solid curve corresponds to ␤ϭ0.9%, and the fine dotted curve corresponds to ␤ϭ1.5%. FIG. 10 . The Mercier criterion with broad pressure profile for the deep magnetic well HSX configuration as a function of the radial variable s. The solid dot curve corresponds to ␤ϭ1.3%, the dot-dashed curve corresponds to ␤ϭ1.4%, the dashed curve corresponds to ␤ϭ1.6%, the solid curve corresponds to ␤ϭ1.7%, and the fine dotted curve corresponds to ␤ϭ1.8%. FIG. 11 . The ballooning eigenvalue with broad pressure profile for the deep magnetic well HSX configuration as a function of the radial variable s. The solid dot curve corresponds to ␤ϭ1.3%, the dot-dashed curve corresponds to ␤ϭ1.4%, the dashed curve corresponds to ␤ϭ1.6%, the solid curve corresponds to ␤ϭ1.7%, and the fine dotted curve corresponds to ␤ϭ1.8%.
an important destabilizing effect. The behavior of the ballooning eigenvalue profiles with peaked pressure is markedly different than that with broad pressure. The core region of the plasma is destabilized by the steep central pressure gradients as seen in Fig. 13 at ␤տ0.8%. Therefore, the standard HSX configuration with a peaked pressure profile offers the interesting prospect that ballooning stability limits the core pressure gradient while Mercier stability limits the edge pressure gradient at a comparable value of ␤. The pressure profile given by Eq. ͑3͒ may thus be very close to optimal with respect to local ideal MHD stability.
V. CONCLUSIONS
We have investigated the local ideal MHD stability properties of three configurations that can be realized with the coil systems of the HSX device. The standard configuration is quasihelically symmetric, the high mirror configuration has neoclassical transport properties comparable to a conventional stellarator, and the deep well configuration enhances the magnetic well from 0.4% to 1.5%. The plasma boundaries are determined by tracing vacuum magnetic field lines for each configuration and they are fixed as ␤ is increased. The toroidal plasma current is prescribed to vanish within each magnetic flux surface. In principle, a bootstrap current consistent with the pressure gradient should be prescribed. This current has two effects that could impact stability. First, it alters the rotational transform. A worse case estimate indicates a decrease in the edge transform by 0.01 corresponding to a total integrated current of less than 700 A for a central density of 10 13 cm Ϫ3 and temperature of 1 keV. This change is too small to modify the results we have obtained. Second, it contributes to the parallel current density which can be a source term for instability. This effect may be more important, but can be controlled with the auxiliary coil set. A more detailed investigation of the bootstrap current impact on MHD stability is left for future work. We have employed a relatively broad pressure profile to compare predictions of 3D Mercier and 3D ballooning stability of the three configurations. We have found that the Mercier criterion imposes more restrictive ␤ limits than the ballooning modes, in contrast to what is found in other low shear stellarators. 7, 8 For this pressure profile, both Mercier and ballooning modes are destabilized near the edge of the plasma except for the deep well configuration where the parallel current density around the rational surface with p ϭ2/7 destabilizes Mercier type modes near the center of the plasma. The ␤ limit imposed by the Mercier criterion is 1.3% and by the ballooning mode is 1.66% for the deep well configuration. The corresponding limits for the other two configurations are approximately 0.3% and 0.6%, respectively. This demonstrates the sensitivity of the ␤ limits to the depth of the magnetic well. A near optimal pressure profile for the standard HSX configuration that is very peaked is obtained where ballooning modes near the plasma center and Mercier modes near the plasma edge combine to impose a ␤Շ0.8% limit.
The flexibility of the HSX device offers the potential of very interesting comparisons of performance between the favorable transport properties expected from the standard quasihelical configuration and the large neoclassical losses that are expected with the high mirror configuration. In this paper, we have shown that the stability limits for these two configurations are roughly similar. Thus the control of the magnetic field spectrum with the auxiliary coils allows wide variations in the neoclassical transport with minimal impact on plasma stability. In addition, we have shown that the auxiliary coils can also provide access to a higher stability limit in the deep well configuration, albeit with some sacrifice in the quasihelical symmetry.
The results obtained here suggest a direction to pursue in the design of potential future advanced stellarator concepts. FIG. 12 . The Mercier criterion with peaked pressure profile for the standard HSX configuration as a function of the radial variable s. The solid dot curve corresponds to ␤ϭ0.7%, the dot-dashed curve corresponds to ␤ϭ0.8%, the dashed curve corresponds to ␤ϭ0.9%, and the solid curve corresponds to ␤ϭ1.0%. FIG. 13 . The ballooning eigenvalue with peaked pressure profile for the standard HSX configuration as a function of the radial variable s. The solid dot curve corresponds to ␤ϭ0.7%, the dot-dashed curve corresponds to ␤ϭ0.8%, the dashed curve corresponds to ␤ϭ0.9%, and the solid curve corresponds to ␤ϭ1.0%.
This would focus on the search for configurations that retain the quasisymmetry properties of the HSX device, especially if improved confinement is demonstrated, but that can develop a deeper vacuum magnetic well to achieve higher volume average ␤.
